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We carefully consider the interplay between ferromagnetism and the Kondo screening effect in the
conventional Kondo lattice systems at finite temperatures. Within an effective mean-field theory
for small conduction electron densities, a complete phase diagram has been determined. In the
ferromagnetic ordered phase, there is a characteristic temperature scale to indicate the presence of
the Kondo screening effect. We further find two distinct ferromagnetic long-range ordered phases
coexisting with the Kondo screening effect: spin fully polarized and partially polarized states. A
continuous phase transition exists to separate the partially polarized ferromagnetic ordered phase
from the paramagnetic heavy Fermi liquid phase. These results may be used to explain the weak
ferromagnetism observed recently in the Kondo lattice materials.
PACS numbers: 71.10.Fd, 71.27.+a, 71.30.+h, 75.20.Hr
The most important issue in the study of heavy fermion
materials is the interplay between the Kondo screen-
ing and the magnetic interactions among local mag-
netic moments mediated by the conduction electrons.1–3
The former effect favors the formation of Kondo sin-
glet state in the strong Kondo coupling limit, while
the latter interactions tend to stabilize a magnetically
long-range ordered state in the weak Kondo coupling
limit. In-between these two distinct phases, there ex-
ists a magnetic phase transition. Although such a phase
transition was suggested by Doniach many years ago,4,5
the complete finite temperature phase diagram for the
Kondo lattice systems has not been derived from a mi-
croscopic theory.6 At the half-filling of the conduction
electrons, the antiferromagnetic long-range order dom-
inates over the local magnetic moments, which can be
partially screened by the conduction electrons in the
intermediate Kondo coupling regime.7–10 Very recently,
close to the magnetic phase transition, weak ferromag-
netism below the Kondo temperature has been discov-
ered in the Kondo lattice materials UCu5−xPdx (Ref.11),
URh1−xRuxGe (Ref.12),YbNi4P2 (Ref.13), YbCu2Si2
(Ref.14), and Yb(Rh0.73Co0.27)2Si2 (Ref.15). So an in-
teresting question arises as whether the ferromagnetic
long-range order can coexist with the Kondo screening
effect.
To account for the ferromagnetism within the Kondo
lattice model, one can assume that conduction electrons
per local moment nc is far away from half-filling, where
the ferromagnetic correlations dominate in the small
Kondo coupling regime.16–19 Similar to the interplay be-
tween the antiferromagnetic correlations and the Kondo
screening effect argued by Doniach,4 a schematic finite
temperature phase diagram can be argued for the in-
terplay between the ferromagnetic correlations and the
Kondo screening effect. In Fig.1, the Curie tempera-
ture is plotted as a function of the Kondo coupling. For
the small Kondo couplings, the ferromagnetic ordering
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FIG. 1: (Color online) The schematic phase diagram expected
from the interplay between ferromagnetic correlations and the
Kondo screening effect. T 0C denotes the Curie temperature in
the absence of the Kondo effect, and T 0K represents the Kondo
temperature without the ferromagnetic correlations.
(Curie) temperature is larger than the single-impurity
Kondo temperature. When the Kondo coupling is strong
enough, the Curie temperature is suppressed completely.
However, there is an important issue as whether there
should be a characteristic temperature scale inside the
ferromagnetic ordered phase to signal the presence of the
Kondo screening effect. If so, there may exist two dis-
tinct ferromagnetic ordered phases: a pure ferromagnetic
phase with a small Fermi surface consisting of conduc-
tion electrons only, and a ferromagnetic phase with an
enlarged Fermi surface including both conduction elec-
trons and local magnetic moments, coexisting with the
Kondo screening.
In our previous paper,20 we have carefully studied the
possible ground state phases within an effective mean
field theory. In particular, for 0.16 < nc < 0.82 and close
to the magnetic phase transition, the local moments can
be only partially screened by the conduction electrons,
2and the remaining uncompensated parts develop the fer-
romagnetic long-range order. Depending on the Kondo
coupling strength, the resulting ground state is either a
spin fully polarized or a partially polarized ferromagnetic
phase according to the quasiparticles around the Fermi
energy. The existence of the spin fully polarized coexis-
tent Kondo ferromagnetic phase has been confirmed by
the recent dynamic mean-field calculations in infinite di-
mensions and density matrix renormalization group in
one dimension, where such a state is referred to as the
spin-selective Kondo insulator.21
In the present paper, we will derive a similar finite
temperature phase diagram of the Kondo lattice model
to Fig.1 for small conduction electron densities. Below
the Curie temperature, we find a characteristic temper-
ature scale to signal the Kondo screening effect for the
first time. Moreover, there exist a spin fully polarized
phase and a partially polarized ferromagnetic long-range
ordered phase coexisting with the Kondo screening ef-
fect. The former phase spans a large area in the phase
diagram, while the latter phase just occupies a very nar-
row region close to the phase boundary of the param-
agnetic heavy Fermi liquid phase. Moreover, a second
order phase transition occurs from the spin partially po-
larized ferromagnetic ordered state to the paramagnetic
heavy Fermi liquid state, and the transition line becomes
very steep close to the quantum critical point. Our re-
sults may be used to explain the weak ferromagnetism
and quantum critical behavior observed in YbNi4P2.
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The Hamiltonian of the Kondo lattice systems is de-
fined by
H =
∑
k,σ
ǫkc
†
kσckσ + JK
∑
i
σi · Si, (1)
where ǫk is the dispersion of the conduction electrons,
σi =
1
2
∑
αβ c
†
iαταβciβ is the spin density operator of
the conduction electrons, τ is the Pauli matrix, and
the Kondo coupling strength JK > 0. When the lo-
calized spins are denoted by Si =
1
2
∑
αβ f
†
iαταβfiβ in
the pseudo-fermion representation, the projection onto
the physical subspace has to be implemented by a local
constraint
∑
σ f
†
iσfiσ = 1. It is straightforward to de-
compose the Kondo spin exchange into longitudinal and
transversal parts
σi · Si = σ
z
i S
z
i −
1
4
[(c†i↑fi↑ + f
†
i↓ci↓)
2 + (c†i↓fi↓ + f
†
i↑ci↑)
2],
where the longitudinal part describes the polarization of
the conduction electrons, giving rise to the usual RKKY
interaction among the local moments; while the trans-
verse part represents the spin-flip scattering of the con-
duction electrons by the local moments, yielding the lo-
cal Kondo screening effect.5,7 The latter effect has been
investigated by various approaches, in particular, those
based on a 1/N expansion22–24 (N is the degeneracy of
the localized spin). However, the competition between
these two interactions determines the possible ground
states of the Kondo lattice systems.
Let us first review the effective mean field theory
for the ground state used in our previous study.20 We
introduce two ferromagnetic order parameters: mf =
〈Szi 〉 and mc = 〈σ
z
i 〉 to decouple the longitudinal ex-
change term, while a hybridization order parameter V =
〈c†i↑fi↑ + f
†
i↓ci↓〉 is introduced to decouple the transverse
exchange term. We also introduce a Lagrangian multi-
plier λ to enforce the local constraint, which becomes
the chemical potential in the mean field approximation.
Then the mean field Hamiltonian in the momentum space
can be written in a compact form
HMF =
∑
k,σ
(
c†
kσ, f
†
kσ
)(
ǫkσ −
JKV
2
−JKV2 λσ
)(
ckσ
fkσ
)
+N ε0,
(2)
where ǫkσ = ǫk +
JKmf
2 σ, λσ = λ +
JKmc
2 σ, ε0 =
JKV
2
2 − JKmcmf − λ, σ = ±1 denote the up and down
spin orientations, and N is the total number of lattice
sites. The quasiparticle excitation spectra are thus ob-
tained by
E±
kσ =
1
2
[
ǫkσ + λσ ±
√
(ǫkσ − λσ)
2
+ (JKV )2
]
, (3)
where there appear four quasiparticle bands with spin
splitting.
Using the method of equation of motion, the single
particle Green functions can be derived, while the cor-
responding density of states can be calculated and ex-
pressed as
ρσc (ω) = ρ
0
c [θ(ω − ω1σ)θ(ω2σ − ω) + θ(ω − ω3σ)θ(ω4σ − ω)],
ρσf (ω) =
(
JKV/2
ω − λσ
)2
ρσc (ω), (4)
where θ(ω) is a step function and a constant density of
states of conduction electrons has been assumed ρ0c =
1
2D ,
with D as a half-width of the conduction electron band.
The four quasiparticle band edges can be expressed as
ω1σ =
1
2
[
ǫσ −D + λσ −
√
(ǫσ −D − λσ)2 + (JKV )2
]
,
ω2σ =
1
2
[
ǫσ +D + λσ −
√
(ǫσ +D − λσ)2 + (JKV )2
]
,
ω3σ =
1
2
[
ǫσ −D + λσ +
√
(ǫσ −D − λσ)2 + (JKV )2
]
,
ω4σ =
1
2
[
ǫσ +D + λσ +
√
(ǫσ +D − λσ)2 + (JKV )2
]
,
where ǫσ =
JKmf
2 σ and ω1σ < ω2σ < ω3σ < ω4σ.
Then using the spectral representation of the Green
functions, we derive the mean-field equations at finite
3( a ) ( b )
FIG. 2: Schematic DOS in the presence of Kondo screening
effect. (a) for the spin partially polarized ferromagnetic phase,
(b) for the spin fully polarized ferromagnetic phase.
temperatures as follows
∫ +∞
−∞
dωf(ω)
[
ρ+c (ω) + ρ
−
c (ω)
]
= nc,
∫ +∞
−∞
dωf(ω)
[
ρ+c (ω)− ρ
−
c (ω)
]
= 2mc,
∑
σ
∫ +∞
−∞
dωf(ω)
ρσc (ω)
(λσ − ω)
2
(
JKV
2
)2
= 1,
∑
σ
∫ +∞
−∞
dωf(ω)
σρσc (ω)
(λσ − ω)
2
(
JKV
2
)2
= 2mf ,
∑
σ
∫ +∞
−∞
dωf(ω)
ρσc (ω)
(λσ − ω)
(
JKV
2
)
= V, (5)
where f(ω) = 1/
[
1 + e(ω−µ)/T
]
is the Fermi distribu-
tion function. To make the magnetic interaction be-
tween the nearest neighboring local moments ferromag-
netic, we should confine the density of conduction elec-
trons to nc < 0.82 from the previous mean field study.
25
The position of the chemical potential µ with respect to
the band edges is very important. At zero temperature,
there are two different situations. The corresponding
schematic local density of states are displayed in Fig.2.
For ω1− < µ < ω2+, both the lower spin-up and spin-
down quasiparticle bands are partially occupied, corre-
sponding to the spin partially polarized ferromagnetic
state. However, for ω2+ < µ < ω2−, the lower spin-
up quasiparticle band is completely occupied, while the
lower spin-down quasiparticle band is only partially oc-
cupied, corresponding to the spin fully polarized ferro-
magnetic state.26 An energy gap ∆↑ exists in the spin-up
quasiparticle band, and there is a plateau in the total
magnetization: mc +mf = (1− nc)/2.
The ground-state phase diagram has been obtained in
our previous study.20 When nc < 0.16, the spin-polarized
ferromagnetic phase is a ground state in the large Kondo
coupling region. For 0.16 < nc < 0.82, the ground state is
given by the spin partially polarized ferromagnetic phase
in the weak Kondo coupling limit; while in the intermedi-
ate Kondo coupling regime, both spin fully polarized and
partially polarized ferromagnetic ordered phases with a
finite value of the hybridization parameter V may appear,
depending on the value of the Kondo coupling strength.
For a strong Kondo coupling, the pure Kondo param-
agnetic phase is the ground state. There is a continuous
transition from the spin partially polarized ferromagnetic
ordered phase to the Kondo paramagnetic phase.
Now we calculate the finite temperature phase dia-
gram. First of all, if the temperature is high enough, all
order parameters must disappear, so the conduction elec-
trons and local moments are decoupled. As the temper-
ature is decreased down to the Curie temperature of the
pure ferromagnetic phase T 0C , both mc and mf approach
zero, but the ratio mc/mf is finite. The self-consistent
equations give rise to
λ = µ,mc ≈ −
JK
4D
mf ,mf = −
JK
8T 0C
mc, (6)
and the Curie temperature T 0C can be estimated as
T 0C =
J2K
32D
, (7)
which is independent of the density of conduction elec-
trons, similar to the characteristic energy scale given by
the RKKY interaction.
On the other hand, if JK is large enough, the system
must be in the Kondo paramagnetic phase. As the Kondo
coupling decreases, the Kondo singlets are destabilized.
When T → T 0K , the hybridization vanishes, and the self-
consistent equations can be reduced to
1
D
D∫
−D
dω
e(ω−µ)/T
0
K + 1
= nc,
JK
2D
D∫
−D
dω
tanh(ω−µ
T 0
K
)
ω − µ
= 1. (8)
When we numerically solve these two equations, the
Kondo temperature in the paramagnetic phase T 0K can
be obtained, which is the same characteristic energy scale
as derived from the 1/N expansion.22–24
After obtaining T 0C and T
0
K , we expect that the pure
ferromagnetic phase exists for T 0C > T
0
K in the small
Kondo coupling limit, while for T 0K > T
0
C the Kondo
screening is present, and the competition between the
ferromagnetic correlations and Kondo screening effect
should be taken into account more carefully.
In the presence of the Kondo screening, the corre-
sponding Curie temperature TC can be still defined. As
T → TC , the magnetic moments mc and mf approach
zero, but their ratio is finite, mc/mf 6= 0. The self-
consistent equations Eq.(5) can be solved numerically,
leading to the Curie temperature TC and the mean-field
parameters of µ, λ, V , and mc/mf . On the other hand,
when the ferromagnetism is present, we can also intro-
duce the Kondo temperature TK incorporating the hy-
bridization effect. When V → 0 and T → TK , the nu-
merical solution of the self-consistent equations gives rise
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FIG. 3: (Color online) The finite temperature phase diagram
at nc = 0.2. In addition to the pure ferromagnetic ordered
phase (V = 0, mc 6= 0 and mf 6= 0) and the Kondo paramag-
netic phase (V 6= 0, mc = mf = 0), there are two different fer-
romagnetic ordered phases coexisting with the Kondo screen-
ing (V 6= 0, mc 6= 0 and mf 6= 0): the spin fully polarized
phase (∆↑ 6= 0) and spin partially polarized phase (∆↑ = 0).
The boundary of the pure ferromagnetic order phase and the
coexisting ferromagnetic ordered phases actually corresponds
to a crossover not a phase transition.
to the Kondo temperature TK and the mean-field param-
eters µ, λ, mc, and mf .
The resulting phase diagram is shown in Fig.3 for
nc = 0.2. As the Kondo coupling JK increases from a
small value, the Curie temperature TC first increases up
to a maximal value, and then continuously decreases to
zero at Jc2K = 1.133D. For small values of JK/D < 0.41,
the Kondo temperature TK vanishes. However, when
JK/D > 0.41, the Kondo temperature curve consists of
two parts, meeting each other precisely at the Curie tem-
perature (TK = TC). Inside the ferromagnetic ordered
phase, TK starts from a finite value and then decreases
down to zero at Jc1K = 0.506D; while in the paramag-
netic phase, TK follows the behavior of the bare Kondo
temperature T 0K .
In the coexistence region, depending on whether the
chemical potential µ is inside the energy gap of spin-up
quasi-particle (as shown in Fig.2), we can calculate the
lowest excitation energy defined by ∆↑ ≡ µ − ω2+. In
Fig.4, we show ∆↑ as a function of T with fixed Kondo
coupling parameters JK/D = 0.6, 0.7, 0.733, 0.9 and
1.0, respectively. It is clearly demonstrated that the gap
∆↑ has a non-monotonic behavior as the temperature
increases. Notice that JK/D = 0.733 corresponds to
the critical value between the spin fully polarized phase
and partially polarized phase at zero temperature. When
∆↑ → 0, the characteristic temperature TPC is deter-
mined, leading to the phase boundary separating the spin
fully polarized and the partially polarized ferromagnetic
ordered phases. The spin fully polarized ferromagnetic
order phase spans a large area in the coexistence region,
while the spin partially polarized phase just sits in a nar-
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FIG. 4: (Color online) The energy gap of spin-up quasiparti-
cles ∆↑ as a function of temperature T in the coexisting phase
at nc = 0.2.
row strip close to the phase boundary of the paramag-
netic heavy Fermi liquid phase. The existence of the
partially polarized ferromagnetic order phase can be ex-
pected before the system enters into the paramagnetic
metallic phase.
Moreover, the magnetizations of the local moments
and the conduction electrons mf and mc are calculated
as a function of the Kondo coupling strength JK for
T = 0.0025D and 0.0075D, as shown in Fig.5., respec-
tively. It is clear that mc has an opposite sign of mf ,
due to the antiferromagnetic coupling between the lo-
cal moments and conduction electrons. In order to dis-
play the Kondo screening effect, we have also plotted the
hybridization parameter V as a function of JK for the
same fixed temperatures. For low temperatures shown in
Fig.5a, the Kondo screening effect emerges inside the fer-
romagnetic ordered phase, and a small drop is induced in
both magnetizations mf and mc. When the magnetiza-
tion vanishes, the hybridization V has a cusp. However,
for high temperatures shown in Fig.5b, the ferromagnetic
ordering appears inside the Kondo screened region. The
cusps in the hybridization curve are induced when the fer-
romagnetic order parameters start to emergence or van-
ish.
The magnetizations mc and mf and hybridization pa-
rameter V have also been calculated as a function of
temperature T for the fixed Kondo coupling strength JK ,
which is shown in Fig.6. For a small value of JK/D = 0.2,
as the temperature is increased, the magnetic moments
mc and mf in the absence of the Kondo screening de-
crease down to zero at the Curie temperature TC (see
Fig.6a). In contrast, for a large value of JK/D = 1.2,
the system is in a paramagnetic heavy Fermi liquid phase
without ferromagnetic order (see Fig.6f).
For JK/D = 0.45, the Kondo screening effect starts to
appear in the presence of ferromagnetic ordering. When
the ferromagnetic order disappears at TC , the hybridiza-
tion reaches a maximal value and then decreases down to
zero at TK (see Fig.6b). For larger values of the Kondo
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FIG. 5: (Color online) The ferromagnetic magnetizations and
hybridization parameters as a function of the Kondo coupling
JK with a fixed temperature at nc = 0.2. (a) T = 0.0025D,
(b) T = 0.0075D.
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FIG. 6: (Color online) The magnetizations and hybridization
parameter as a function of temperature for a given Kondo
coupling strength at nc = 0.2. (a), (b), (c), (d), (e), and
(f) correspond to JK/D = 0.25, 0.45, 0.60, 1.0, 1.1, and 1.2,
respectively.
coupling JK/D = 0.6, 1.0, and 1.1, the Kondo screen-
ing effect dominates in the temperature range, and the
ferromagnetic ordering phase occurs only in a small re-
gion, displayed in Fig.6c, Fig.6d and Fig.6e, respectively.
These three figures demonstrate the interplay between
the Kondo screening effect and the ferromagnetic corre-
lations in the presence of thermal fluctuations.
It is important to emphasize that all the results are
obtained within the effective mean field theory. When
the fluctuation effects are incorporated properly beyond
the mean field level, the above phase transitions related
to the Kondo screening effect will be changed into a
crossover. Since the Kondo screening order parameter,
i.e. the effective hybridization is not associated with
a static long-range order, the finite V does not corre-
spond to any spontaneous symmetry breaking. There-
fore, in the obtained finite temperature phase diagram
Fig.3, only the Curie temperature TC (the solid line) rep-
resents a true phase transition.
Finally, it is important to mention a new Kondo lat-
tice system YbNi4P2, recently discovered by distinct
anomalies in susceptibility, specific heat and resistivity
measurements.13 Growing out of a strongly correlated
Kramers doublet ground state with Kondo temperature
TK ∼ 8K, the ferromagnetic ordering temperature is
severely reduced to Tc = 0.17K with a small magnetic
moment mf ∼ 0.05µB. Here we would like to explain
the small ferromagnetically order moment and the sub-
stantially reduced Curie temperature as originating from
the presence of the Kondo screening effect, see Fig.6c,
Fig.6d, and Fig.6e. The experimental results can cer-
tainly be understood in terms of our effective mean field
theory. The quantum critical behavior observed exper-
imentally requires a quantum critical point separating
the ferromagnetic ordered phase from the Kondo para-
magnetic phase at zero temperature, which is also con-
sistent with our finite temperature phase diagram. The
further detailed calculations concerning with thermody-
namic properties of the heavy fermion ferromagnetism
are left for our future research.
In summary, within an effective mean-field theory for
small conduction electron densities 0.16 < nc < 0.82,
we have derived the finite temperature phase diagram.
Inside the ferromagnetic ordered phase, a characteristic
temperature scale has been found to signal the Kondo
screening effect for the first time. In additional to the
pure ferromagnetic phase, there are two distinct ferro-
magnetic long-range ordered phases coexisting with the
Kondo screening effect: a spin fully polarized phase and
a partially polarized phase. A second-order phase tran-
sition and a quantum critical point have been found to
separate the spin partially polarized ferromagnetic or-
dered phase and the paramagnetic heavy Fermi liquid
phase. To some extent, our mean field theory has cap-
tured the main physics of the Kondo lattice systems,
which provides an alternative interpretation of weak fer-
romagnetism observed experimentally.
The authors acknowledge the support from NSF-
China.
Note added. The ferromagnetic quantum critical point
in the heavy fermion metal YbNi4(P0.92As0.08)2 has been
further confirmed27 by precision low temperature mea-
surements: the Gruneisen ratio diverges upon cooling to
T = 0K.
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